REGULARITY AND EXTREMALITY OF QUASICONFORMAL 
HOMEOMORPHISMS ON CR 3-MANIFOLDS 

PUQI TANG 

Abstract. This paper first studies the regularity of conformal homeomorphisms on smooth 
locally embeddable strongly pseudoconvex CR manifolds. Then moduli of curve families are 
used to estimate the maximal dilatations of quasiconformal homeomorphisms. On certain 
CR 3-manifolds, namely, CR circle bundles over flat tori, extremal quasiconformal homeo- 
morphisms in some homotopy classes are constructed. These extremal mappings have similar 
behaviors to Teichmiiller mappings on Riemann surfaces. 



1. Introduction 

A contact manifold M is a manifold of odd dimension with a non-integrable distribution 
HM of tangent hyperplanes. A Cauchy-Riemann (CR) manifold is a contact manifold M 
endowed a complex structure on the contact bundle HM. Two CR manifolds are equi- 
valent if there is a homeomorphism between them which preserves both contact and CR 
structures. Generally, between any two CR structures assigned on the same contact mani- 
fold, there may be no such so-called CR homeomorphism between them. Therefore we 
consider those homeomorphisms between CR manifolds which preserve the underlying con- 
tact structures and distort the CR structures boundedly. They are called quasiconformal 
homeomorphisms. In a class of homoemorphisms between two CR manifolds, an extremal 
mapping is a quasiconformal homeomorphisms which distorts the CR structures in a mini- 
mal way. This paper studies regularity of quasiconformal homeomorphisms and extremal 
quasiconformal homeomorphisms on smooth strongly pseudoconvex CR manifolds. 

The notion of quasiconformal homeomorphisms is a new tool to study CR structures 
as initiated by Koranyi and Reimann. In this paper, we use an analytic definition of 
quasiconformal homeomorphisms given in [12] which is a generalization of the one given 
by Koranyi and Reimann in [5]. We restrict ourselves to the 3-dimensional case here not 
only because the notion of quasiconformality is not invariant under CR transformations 
in higher dimensional cases, but also because 3-dimensional CR structures are among the 
most interesting objects in the theory of CR manifolds. We refer to [7] for details about 
the second point. 



1991 Mathematics Subject Classification. 32G07. 

Key words and phrases. CR manifold, quasiconformal homeomorphism, modulus of a curve family, 
Legendrian foliation, sub-Riemannian geometry, Teichmiiller mapping. 



Typeset by A_M^-T&- 



2 



PUQI TANG 



Koranyi and Reimann proved that C conformal homeomorphisms on Heisenberg groups 
must be smooth and CR (Theorem 8, [6]). By applying a regularity theorem of weak 
CR mappings of Pinchuk and Tsyganov, we generalize Koranyi and Reimann's result to 
that a conformal homeomorphism / between two smooth, strongly pseudoconvex, locally 
embeddable CR manifolds must be smooth and CR, if / has Lj^^ horizontal derivatives 
(Theorem 2.3). Hence between such CR manifolds, quasiconformal homeomorphisms with 
this weak regularity are actually "quasi-CR" . 

To study the extremality of quasiconformal homeomorphisms is a global problem. But 
our analytic definition of quasiconformality is proposed infinitesimally. Therefore we need 
some global notion to describe the quasiconformality. The one best fitting our later de- 
velopments is the notion of moduli of curve families. We prove that a diffeomorphism 
is quasiconformal if and only if it preserves moduli of certain curve families up to a fixed 
bounded multiple (Theorem 3.3). On the other hand, a homeomorphism satisfying this 
property is absolutely continuous on lines (ACL) (Theorem 3.4). 

Between CR circle bundles over fiat tori, we construct extremal quasiconformal home- 
omorphisms in certain homotopy classes (Theorem 4.2). There are two transversal Leg- 
endrian foliations such that the extremal homeomorphism constructed preserves these two 
foliations. More precisely, it is a stretching by a constant factor along leaves of one foliation 
and a compressing by the same factor along leaves of another foliation. This behavior is 
analogous to those of Teichmiiller mappings on Riemann surfaces (see [13] or [1]). The 
generator T of the circle action is transversal to the contact bundle. In this transversal 
direction, the extremal mappings are equivariant under the circle action. 

But on an arbitrary CR 3-manifold with a transversal free circle action, an extremal 
quasiconformal homeomorphism is not necessarily equivariant under the circle action. Such 
CR manifolds are constructed in [12] so that no extremal quasiconformal mapping between 
them is equivariant. 

This work is heavily influenced by the theory of quasiconformal homeomorphisms on 
Riemann surfaces and Teichmiiller theory. Numerous proofs in this paper are motivated 
by the proofs of the analogous facts on Riemann surfaces. For example, the construction 
of the extremal homeomorphisms made in Theorem 4.2, one of the main results of this 
paper, can find its root in the classical Grotzsch's theorem which is proved by a length-area 
argument [9] . Teichmiiller generalized this result to closed Riemann surfaces, in particular 
tori, by an ergodic version of the length-area argument [13]. The notion of modulus of 
a curve family is a formalism of the length-area (volume) argument. In section 4, we 
reformulate Teichmiiller 's method to the CR setting by computing moduli of some special 
families of curves and successfully find the extremal quasiconformal homeomorphisms in 
certain homotopy classes of mappings between CR circle bundles over flat tori. 

Acknowledgement. This author is very grateful to his academic advisor, Laszlo Lempert 
for the guidance with great insights. Thanks also to David Drasin and Juha Heinonen for 
helpful talks. 

2. Regularity of conformal homeomorphisms 
For j — 1, 2, let Mj be a smooth strongly pseudoconvex CR 3-manifolds. The contact 
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bundles HMj is assumed to be smooth and orientable, that is, there exists smooth global 
1-form rjj on Mj, which is called a contact form, so that HMj = Ker rjj. Let Jj : HMj 
HMj denote the CR structure on Mj. H^^^Mj = {X + iJjX \ X e HMj} C C®HMj is the 
(0,1) tangent bundle on Mj. A'^'^Mj = { linear functional ip : C ® HMj C | ip{JjX) = 
iV'(X), for X E HMj}. 

A mapping / : Mi — » M2 is said to be absolutely continuous on lines (ACL) if for any 
open set with a smooth contact fibration, / is absolutely continuous along all fibers in this 
fibration except a subfamily of measure zero. Here a subfamily of fibers of the fibration is 
said to have measure zero if intersections of these fibers with any transversal regular surface 
has measure zero on the surface (see [12]). 

Definition 2.1. A homeomorphism f : Mi — > M2 is said to be K-quasiconformal for a 

finite constant K > 1 if 
(i) f IS ACL; 

(a) f is differentiahle almost everywhere, and its differential preserves the contact 
structures, i.e., f^{HqMi) C iifj(q)M2, for q e Mi where f has differential. 

(Hi) for norms \ ■ \i and | • I2 defined by any Hermitian metrics on HMi and HM2 
respectively, 

max \f*{X)\2 
^'•'^ ^^^^^^^ = ^r. 

for almost all q e Mi. Here K = ess supK{f){q) is called the maximal dilatation of f. f 

is conformal if K{f) = 1. K{f) = 00 if f is not K-quasiconformal for any finite K >1. 

A mapping / : Mi — > M2 which is differentiahle almost everywhere is said to have Lf^^ 
horizontal derivatives for p > 1 if for any smooth function h : M2 M and any smooth 
local section X of HMi on an open set U CC Mi, the function X{ho f) which is defined 
almost everywhere on U is in Lp{U). 

A mapping / : Mi M2 is said to have Lf^^ weak horizontal derivatives for some p>l 
if for any smooth function h : M2 M. and any open set t/ CC Mi with a smooth local 
section X ^ of HMi on U, there exists a function g e L^^^{Mi) so that 

(2.2) / X(l)-{hof)dvi = - f g< 

Ju Ju 

for all (j) e Cq°{U).i where dvi is a smooth volume form on Mi. Certainly, the function g 
depends on the choice of dvi. 

For the proof of the next theorem, we fix a norm | • | on HMi. A regular curve on 
a contact manifold is called Legendrian if it is tangent to the contact structure. For any 
smooth Legendrian curve 7 : / — > Mi with an interval / e R and a function g defined on 
an open neighborhood of 7, define the line integral 

fg^ f giWWmt. 
J I 



> dvi 
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Theorem 2.2. A mapping f : Mi — > M2 is ACL and has Lf^^ horizontal derivatives for 
some p> I if and only if f has L^^^ weak horizontal derivatives. 

Proof. First assume that the homeomorphism / : Mi — > M2 is ACL and has L^^^ horizontal 
derivatives. Let h : M2 — > R be a smooth function and U CC Mi be any open set with a 
smooth section X 7^ of HMi on it. 

We can assume that the trajectories F = {7} of X form a contact fibration of U by 
shrinking U appropriately. Let Fi be the subfamily of those 7 G F along which / is 
absolutely continuous. Then F \ Fi has measure zero. Along 7 G Fi, /i o / is absolutely 
continuous, so X{ho f) exists almost everywhere on 7 and 

(2.3) I X(f>-{hof)+ I (p.X{hof)= I X{cf>-hof) = 0, ycj>eC^{U). 

We have topological and differential structures on F such that the natural projection 
p : U — > F is open and smooth. Then F becomes a smooth surface. Let t be the parameter 
of the flow generated by X and uj be any area form on F. Then dvi = p*uj A (it is a volume 
form of U. Integrating the expressions in (2.3) against u with respect to 7 G Fi, then by 
the ACL property of /, local integrability of X{h o /) and Fubini's theorem, we obtain 

(2.4) [ X(P-{hof)dvi^- [ (p- X{ho f)dvi. 

Ju Ju 



So the weak derivative of /i o / in the X direction is given by X(/i o /) g Lf 



loc' 



Conversely, assume / has L^^^ weak horizontal derivatives. For any open set U CC Mi 
and a smooth contact fibration F of U, let X be the nonzero horizontal vector field on U 
so that Xg, for any q C U, is the tangent vector at q of the fiber 7 G F passing through q. 
Let B CC U be an open set with the coordinate system {{x,y,t) \ ai < x < a2, bi < y < 
62, ci < t < C2}, here t is the parameter of the flow generated by X, i.e., X = 

For any smooth function h on Mi, h o f has U'{U) weak derivative in the direction 
X. Denote it by G Lp{U). Hence there exists a sequence of functions Qn on B 
such that Qn converges to h o f uniformly in B and Xg^ converges to ip in L^i^B). Let 
Bx,y,t = {ai,x) X (61,1/) X (ci,t), Rx,y = (ai,x) x {hi,y). 

(2.5) / Xgn{u,v,w) dudvdw = / {gn{u,v,t) — gn{u,v,ci)) dudv. 
Hence by taking limits, we have 

(2.6) / ip{u,v,w) dudvdw — I {{h o f){u,v,t) — {h o f){u,v,ci)) dudv. 

*^^x,y,t *^ ^x,y 

Let {tn} be a countable dense set of (ci,C2). (2.6) implies for each tn, there exists a set 
En C Ra2,b2 SO that Ra2,b2 \ is of measure zero and 

(2.7) / 'i/}{x,y,w)dw = {ho f){x,y,tn) - {ho f){x,y,ci), {x,y) e E^. 
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Then (2.7) is true for all {x,y) e E ^ flE'^ and all Hence by continuity of both sides in 
t, 

(2.8) / 'i/j{x,y,w)dw = {ho f){x,y,t) - {ho f){x,y,ci), y {x,y) e E, t e {ci,C2). 

Jci 

So {h o f){x,y,t) is absolutely continuous in t for {x,y) G E. Note Ra2,b2 \ ^ has measure 
zero. So / is ACL since S CC ?7 is an arbitrary rectangular coordinate chart and U CC Mi 
is arbitrary in Mi. Moreover, X{ho f) exists almost everywhere and X{ho f) = L'p{U) 
on U. So / has Lf^^ horizontal derivatives. □ 

A homeomorphism / : Mi — > M2 is said to be weakly CR if for any smooth CR function 

h:M2^C, open set U CC Mi, (/> e C^{U) and Z e i^O'^Mi, [ {h o f) -Zcf) = 0. 

Ju 

Theorem 2.3. Assume Mi and M2 are two smooth, strongly pseudoconvex, locally embed- 
dable CR 3-manifolds, f : Mi — > M2 is a conformal homeomorphism with L\^^ horizontal 
derivatives. Then f is smooth and CR. 

Proof. A simple linear algebra argument shows that at a point q e Mi where / is differen- 
tiable 



for any nonzero Z e H^'^Mi and nonzero V'2 £ A^'°M2. 

Then K{f) = 1 implies that if / is differentiable at e Mi, {f*i(;2,Z) = for any 
Z e H^'^Mi and 1(^2 € In other words, /* preserves the CR structures at the 

points where it is defined. Thus Z{hof) = for any CR function h on M2 and Z E H^'^M2. 
Theorem 2.2 says that / is weakly CR. Mi and M2 are locally embeddable implies they 
are locally embeddable into as hypersurfaces. A theorem of Pinchuk and Tsyganov 
(Theorem 2, [10]) asserts that such / must be smooth, hence CR. □ 



3. Moduli of curve families 

Let M be a smooth, compact, contact 3-manifold. We always assume HM is smooth 
and oriented. A sub-Riemannian metric on M with respect to HM is a smooth positive 
definite quadratic form on HM. Fix a sub-Riemannian metric on M with respect to HM 
momentarily, and denote by | ■ | the corresponding norm on HM. For general theory of 
sub-Riemannian geometry, we refer to [11] and [2]. 

The sub-Riemannian metric on M can be extended to a Riemannian metric on M canoni- 
cally as follows. Let u; be the oriented area form on HM with respect to the sub-Riemannian 
metric. Then there exists a unique contact form ry so that dr]\HM = ^- Let T be the char- 
acteristic vector field of rj, namely, T is the unique vector field satisfying that Tj?] = 1 and 
T_idr] = 0. Declaring T is a unit vector orthogonal to HM, we obtain a Riemannian metric 
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which is called the canonical extension of the sub-Riemannian metric. The positive volume 
form of this Riemannian metric is dv = drj A rj. 

A curve ^ : ly ^ M with an interval /-y C M is called locally rectifiable if 7 is absolutely 
continuous and 7'(t) is tangent to HM for almost all t E 1^. 7 is called rectifiable if 7 is 
locally rectifiable and the length 

(3.1) /(7)^ / |7'(t)Mt<oo. 

We set Z (7) = 00 if 7 is not rectifiable. For a locally rectifiable curve 7 and a non- negative 
Borel- measurable function u on M, define the line integral 



(3.2) [a = [ a(7(t)) |7'(t)l 



dt. 



Definition 3.1. Let T be a family of curves j : 1^ ^ M . An admissible measure for T is a 
Borel-measurable function cr : M — > M so that cr > and J^a > 1, for all locally rectifiable 
7 e r. Denote the set of admissible measures for T by ^(r). The modulus ofT is defined 
by 

(3.3) ModMiT) = inf [ a^dv. 

Remark. (1) It is easy to see that if two sub-Riemannian metrics on M with respect to HM 
define the same conformal structure on HM, then they give the same value to ModM(r). 
(2) If Fj. C r consisting of all locally rectifiable curves of F, then ModM(Fr) = ModM(F). 

The following proposition shows that modulus, regarded as a measure of (more precisely, 
locally rectifiable) curve families, generalizes the concept of measure zero used in the defi- 
nition of ACL property. Thereafter if a property holds for all curves in a family F except 
a subfamily with zero modulus, we say this property is true for almost all curves in F. 

Proposition 3.2. Let U be an open set of M, F a contact fibration of U , Fi C F. Then 
Fi has measure zero if and only if ModMi^i) = 0. 

Proof. Without loss of generality, we assume U is a domain of the coordinator system 
{{x,y,t) \ai < X < a2,bi < y < b2,ci < t < C2} and X = ^ is tangent to F. Let 
E C (01,02) X (61,62) so that Fi = {curves t ^ {x,y,t) \ {x,y) e E}. 
If Fi has measure zero, then dxdy = 0. Notice 

f n — when (x,y) e E, t e (ci,C2), 
{ 0, otherwise. 

Therefore 

(3.5) ModM(Fi) < c / a^dxdydt = 0, 

Ju 



QUASICONFORMAL HOMEOMORPHISMS ON CR MANIFOLDS 



7 



where c is a constant upper bound of the Jacobian J on U with J dxdydt — dv. 
If ModM(ri) = 0, then for any a e A{Ti) with cr = outside C/, 7 G Ti, 

(3.6) 1 < ( / ^)' < ( / / 1)' = (C2 - c^f f a\ 
Taking the integral over E, 

(3.7) / dxdy < c' (c2 - cif I a^. 

Je Jm 

Hence 

(3.8) / dxdy < c (c2 - cif ModM(ri) = 0, 

Je 

that is, Fi has measure zero. □ 

Let Ml and M2 be two compact, smooth, strongly pseudoconvex CR 3-manifolds with 
smooth contact form r]i and 772 respectively. Here the roles of sub-Riemannian metrics on 
HMi and HM2 are played by Hermitian metrics with respect to the CR structures Ji and 
J2 respectively. 

Theorem 3.3. A homeomorphism f : Mi — > M2 is K -quasiconformal for a constant 
K > 1 if and only if for any family T of Legendrian curves on Mi 

(3.9) -^ModM, (r) < ModM, (/(r)) < K^ModM, (F), 
w;/iere/(r) = {/(7)|7er}. 

Proof. Assume / : Mi — > M2 is K-quasiconformal. Then / is contact, i.e., for contact 
forms 7)1 and 772 on Mi and M2 respectively, f*r]2 = Ar/i with a function A on Mi. 
Then 

(3.10) f*{dr]2) =dXAr]i + Xd7]i. 
Therefore 

(3.11) f*{dri2\HM2) = Ad?7i|HMi- 

For j = 1,2, the Levi form Lj on Mj is a bilinear form on HMj defined by 

(3.12) Lj{X,Y)^ drij {X, JjY) , for X,Y e HMj . 
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By replacing ijj by —ijj, if necessary, we can always assume that Lj is positive definite. 
Hence Lj is a Hermitian form on HMj. With respect to the Levi forms on Mi and M2, we 
define 

Ai(g)= max |/*(F)|2, 
' H<l) = ^ ^miri \MY)U. 

YeHgMi,\Y\i = l 

Then (3.11) implies that |A| = A1A2. Moreover, (3.10) implies that 
(3.14) r{dr]2Am) = >^^dr]iAr]i. 

Thus the Jacobian of / with respect to the volume forms dvi = diji A iji on Mi and 
dv2 = dr]2 A r]2 on M2 is J(/) = (AiA2)^. 
For a2 e A(/(r)), 



/ ^2= / \Ml'm2a2{f{imdt 
(3.15) < / X^W{t)\^a2{f{l{t)))dt 

= / Ai • (72 O /. 



Hence ct2 G A(/(r)) implies that Ai • C72 o / e A{V). 
On the other hand, 



/(7) 



(T2 > / A2|7'(t)|lCr2(/(7(^)))(^^ 



(3.16) 

= / A2 • 0-2 O /. 



7 



Hence ai G A(r) implies (CT1/A2) o /"^ e A(/(r)). Therefore, 



ModM.(/(r))= inf^^ / ^2'^^2 

< inf / ((^)o/-i)V 
(3.17) -ie^(r)7M2 A2' ^ 

= inf / ^.(AiA2)'dvi 

< i^2ModMi(r). 
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ModMi(r)= inf / afdvi 

a^€A{r)JM, 

< inf / (Ai • (J2 o f )^ dv\ 
(3.18) <^2eA(/(r)) 

inf / (Ai ° ■ <y2f ^ 
a^£A'u(r))JM^ (AiA2)2o/-i 

<K2ModM,(/(r)). 



Assume that / satisfies the inequahties (3.9). Then / must preserve the contact struc- 
tures. Otherwise, there will be a point q e Mi with a tangent vector Xq e HqMi so that 
f^{Xq) ^ Hf(^q)M2. f is C^, SO there is a neighborhood U of q with a nonzero smooth 
section X of HMi on t/ so that /*(Xg') is not contact for each q' G t/. Let F be the family 
of trajectories of X, and shrink U appropriately such that ModMi(r) 7^ 0. But each curve 
in /(r) is not Legendrian everywhere, hence not locally rectifiable. So ModMa (/(r)) = 
by Definition 3.1. Then / cannot satisfy (3.9) for this family F. This contradiction shows 
that / must be contact. 

If / is not i^-quasiconformal, there exists an open set U C Mi so that A1/A2 > K + e, 
for some e > 0. Let X be the vector field on U so that \X\i — 1, |/*(X)|2 = A2. Let F be 
the family of trajectories of X in U. Then for any integrable function a2 on f{U), 



/ (72= Cr2 O / • |/^(X)|2 = / A2-(J2 0/. 



(3.19) 

So (72 e ^(/(F)) if and only if (Ji = A2 • (J2 o / e A(F). Hence 



ModM.(/(F))= inf^^ / Adv^ 

= inf / {{^)or^)Uv2 



a^eA(T)Ju A2 

= inf / i^rafdvi 
> (K + e)'ModMi(F). 

Therefore, (3.9) implies that 

(3.21) {K + efUodM^ (F) < K^ModM^ (F). 

But we can always choose U such that ModMi (r) 7^ 0. So (3.9) cannot be true for such F. 
Hence A1/A2 < -f^ on Mi, i.e., / is i^-quasiconformal. □ 

We like to know if we can use the conclusion of Theorem 3.3 to define the quasiconfor- 
mality for a homeomorphism / : Mi — > M2. The rest of this section gives some partial 
solutions to this problem. 
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Theorem 3.4. If f : Mi — > M2 is a homeomorphism so that for a constant K > 1 and 
any curve family T which forms a smooth contact fibration of an open set in Mi 

(3.22) ModM, (r) < ModM, (/(r)), 

then f is ACL. 

Proof. Let U C Mi be an open set with a smooth contact fibration T, X ^ Ohe & horizontal 
vector field on U tangent to F. By replacing X by we can assume |X| = 1. Shrink 

U, if necessary, so that there is a smooth surface S G U which intersects each fiber of 
r transversally once and only once. Parametrize fibers 7 e F by t so that X = and 
7(0) e 5. p : t/ — > 5 is the natural projection given by ^{t) 1— > 7(0). 

Recall that Hermitian metrics on HMi and HM2 can be extended canonically to Rie- 
mannian metrics on Mi and M2 respectively. Restricting the Riemannian metric on Mi to 
S makes S a Riemannian 2-manifold. Let ui be the area form on 5, and A^^ (E) — J^u> the 
cj-area of a measurable set E C S. Define a set function F for measurable set E C S by 
letting F{E) = vol (/(p~^(£'))), where vol refers to the Riemannian volume on M2. Then 
Lebesgue's theorem (Theorem 23.5, [14]) asserts that F has finite derivatives at all points 
in 5"! with respect to cd-area, for a subset 5*1 C with Ai^{S \ Si) = 0. We want to prove 
/ is absolutely continuous along the fibers of F passing through points in Si . 

For q E Si, let Dr G S nU he a, disc centered at q with radius r, : I ^ U he the fiber 
of 7 passing through q. Take any sequence t'l, t'(, t'2,t'2,..., t'j^, t'^ e / such that 

(3.23) t'l < t'l <t'2< t'i... < 4 < tl 

Let At. =tf'-tf,. When max At, is small enough, 
■< 3 ^ i<j<k ■' 

(3.24) dr,j < Atj <2dr,j, 

where drj is the sub- Riemannian distance between the set B'^j = ili^'j) I 7 ^ 7(0) G D^} 
and the set B'^j = {litj) | 7 G F, 7(0) G -Dr }• This is true because fibers of F are Legendrian 
and the geodesic with respect to the sub-Riemannian metric tangent to 7 at ^{tj) is locally 
a length minimizing curve (Theorem 5.4, [11]). For j = 1, 2, k, denote 

R^j 4 {points 7(t) I 7 e F, 7(0) e Dr, t'j<t< t"} 

and let 

Tr,j = {curves : t ^ -f{t) | 7 e F, 7(0) E Dr, t'^<t< t'^}, 
a contact fibration of Rr,j- Then by (3.22), 



(3.25) 



ModMi(F,,,) < ir2ModM,(/(F,,,)). 
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Next we use length- volume argument to give an estimate for ModMii^rj)- For a e 
A(r^j) and 7j G r^,^-, 

(3.26) 1 < ( / af<{ \ a% f if = {At,f f a'. 

Integrating each term against co over Dr, then 

(3.27) A^{Dr)<c{Atjf f a^dvi. 

where c is constant, dvi is the volume form of the Riemannian metric on Mi. By (3.3) and 
(3.24), 

(3.28) A^{Dr) < 8cdr/ModMi{Tr,j)- 

On the other hand, let drj be the sub- Riemannian distance between f{B'^^^) and f{B".j). 
Then l/5r,j e A{f (Frj)). Thus 

(3.29) ModM,(/(r,,,)) < -Lvol(/(i?,,,)). 

Combining (3.25), (3.28) and (3.29), we have 

(3.30) {A^{Dr))-^ Sr,j < {ScK^)-^ d,,,-^ (vol(/(i?,,,))) ^. 
Summing (3.30) over j, 

k 



(3.31) 



k 

k k 

< {8cK') i iJ2 drjf^ ( E vol(/(K,,))) ^ 

k 

< {8CK') ^ (^ dr,,)i{yo\{f{p-\Dr)))) ^ . 



So by (3.24), 



(3.32) Y.^r, < {8cK^)- (E^ht^iTW)^ 
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Letting r — > 0, 

k k 

(3.33) J2^,< {^cK^F'{q))hY.^h)i, 

where 5j = \im.5r,ji i-^-, the sub-Riemannian distance between f{'jq{tj)) and /(7q(tj+i)). 
Hence / is absolutely continuous along ^g, for q e Si. So / is ACL. □ 

Corollary 3.5. // a homeomorphism f : Mi — > M2 satisfies (3.22), then f has horizontal 

derivatives almost everywhere on Mi in the sense that for any open set U C Mi with a 
smooth section X of HMi on U and any smooth function on f{U), X{h o /) exists almost 
everywhere on U . 

4. Extremal quasiconformal homeomorphisms 

In this section we will construct CR 3-nianifolds Mi , M2 and a quasiconformal diffeomor- 
phism /o : Mi — > M2 such that K{fQ) < K{f), for any quasiconformal homeomorphism 
/ : Ml M2 which is homotopic to /q. Mi to be constructed is the quotient of the 
3-dimensional Heisenberg group over a lattice. So we start with the Heisenberg group. 

The 3-dimensional Heisenberg group is the space endowed with the group structure 
defined by 

(4.1) {x, y, t) {u,v, ,s) = {x + u,y + v,t + s + 2yu — 2xv). 
The standard contact structure on is given by the contact form 

(4.2) fj = —ydx + ^xdy + ^dt. 
The contact bundle HM^ = Ker f] has two global sections 

which span HM.^ everywhere and are invariant under the left group translation. The stan- 
dard CR structure on is 

(4.4) J : Hlf m^ X ^Y,Y ^ -X. 

Note that dfj = dx A dy, thus the sub-Riemannian metric on HM.^ determined by the area 
form dr] and the complex structure J, i.e., Levi form, is the one making {X, 1"} orthonormal. 
The canonical Riemannian extension of this metric is the Euclidean metric on R^. 

Next we study the geodesies on with respect to this sub-Riemannian metric. Since 
the metric is invariant under the left group translation, thus it suffices to study geodesies 
joining the origin O — (0, 0, 0) and a generic point q. Denote by p the projection from 
to the horizontal plane P — {t = 0}. It is easy to see that if 7 is a rectifiable curve in 
with respect to the sub-Riemannian metric, ^(7) is rectifiable with respect to the Euclidean 
metric on {t = 0}, and the respective lengths of 7 and ^(7) coincide. The characterization 
of the geodesies given in the next theorem was first given by Koranyi by studying Euler- 
Lagrange equations [3]. The following proof, which is due to Lempert [8], is a geometric 
one. 
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Proposition 4.1. On M.^ , a minimal geodesic to connect the origin O and q E is on 
either a straight line ifqEP, or a helix whose projection to P is a circle ifq^P. 

Proof. The conclusion is obvious ii q E P. Next we assume q ^ P. We first consider the 
case p{q) = O. i.e., q — (0, 0, t) for some t ^ 0. Let 

(4.5) 7 : [0, 1] ^ H^ {x{s), y{s),t{s)) 
be any oriented rectifiable curve joining O and q. Then 

(4.6) -2yx' + 2xy' + t' = 0, 
almost everywhere on 7 by (4.2). Thus 

(4.7) t = [ t'ds = [ 2ydx - 2xdy = -4 /" dx A dy, 

Jo Jp{f) Jq 

where 0, is the 2-chain on P so that dO, = ^(7). Note length of 7 with respect to the sub- 
Riemannian metric is equal to the length of ^(7) on P with respect to Euclidean metric. 
Obviously, the length of ^(7) is the minimal only when O is a simply connected domain 
with fixed area |t|/4. Furthermore, ^(7) must be a circle if 7 is a length minimizing geodesic 
joining O and q, by the isoperimetric property on the Euclidean plane. 

If p{q) ^ O, the above reasoning with some slight modifications can be applied. For 
instance, f2 is a 2-chain bounded by the union of ^(7) and the straight line segment from 
p{q) to O. □ 

Denote A= (1,0,0), B = (a, t,0),C = (0, 0, 1) e with t ^ 0. Define F = {mA + 
+ nsC | ni, n2, e Z}. The Euclidean translations by elements of F define a F-action. 
The contact structure and CR structure on are invariant under this F-action. We 
consider the quotient space Mi — H^/F. Mi has a contact structure with the contact form 
r] satisfying n*!] = f] and a CR structure Ji inherented from J. Hence Mi becomes a CR 
manifold. Let tt : ^ Mi denote the natural projection and X = tt^X, Y = tt^^Y. Then 
with respect to the sub-Riemannian metric uniquely determined by rj and Ji, {X, F} is 
orthonormal. Note also Zi = |(X -|- iY) e T^'^Mi. There is a canonical M-action on 
defined by 

(4.8) (x,y,t)^ (x,y,t + t'), for e R. 

This M-action is free and preserves both contact and CR structures on M.^. The plane P 
can be regarded as the quotient space of this M-action. The natural projection p : H"^ — > P 
is isometric between the sub-Riemannian metric on and the Euclidean metric on P. 
The free M-action on commutes with the F-action. Thus it induces a free S'-'^-actions 
on Ml so that Mi becomes a circle bundle over the torus 5*1 = 7i"(P). The torus Si has 
a fiat Riemannian metric inherented from the Euclidean metric on P. Denote the natural 
projection of this circle bundle by tti : Mi Si. Note the S'^-action preserves the contact 
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and CR structures on Mi. We call such a bundle Mi ^ Si a CR circle bundle over a flat 
torus. 

For any constant K > 1, define a new CR structure M2 on the contact structure of Mi 
by declaring that 

(4.9) z.^l(VKX^^Y) = ^(Z, + ^^Z.) 

is an (0,1) tangent vector. Obviously, the identity mapping /o : Mi M2 is quasiconformal 
and K{fo){q) = K for aU q e Mi. 

Theorem 4.2. Let f : Mi M2 be a homeomorphism homotopic to fo : Mi M2. 
Then K{f) > K. 

Note the CR structure on M2 is also invariant under the circle action. So if 5*2 denotes 
the same smooth torus as 5*1, but endowed with the complex structure induced from CR 
structure on M2, then M2 ^ 5*2 is also a CR circle bundle. 

Lemma 4.3 (Strichartz). For any q in a suh-Riemannian manifold M , there is an e > 
so that if qi E M with d{qi, q) < e, there exists a length minimizing curve joining qi and q. 

This is Lemma 3.2 in [11], a proof was given there. If a is a curve, denote by [a] the 
homotopy class with fixed end points of a. Let l{a) be the length of a with respect to the 
sub-Riemannian metric on M. 

Lemma 4.4. Let a : [0,1] ^ M be a curve on a compact sub-Riemannian manifold to 
connect two points qi and q2, inf/(/3) be taken over all j3 e [a]. Then this infimum is 
attained at a rectifiable curve a & [a]. 

Proof. Let be the maximal e > ior q e M determined by Lemma 4.3. Since M is 
compact, inf e,, > 0. Take any r so that < 3r < inf e„. Cover M with finitely many 

qeM qeM 

closed r-balls B{qj,r), j = 1, 2, k, with respect to the sub-Riemannian metric. Note any 
two points in the same B{qj, r) can be joined by a length minimizing curve within B{qj, 3r). 

Let L = inf /(/?) over all /3 G [a]. Let (3^ € [a] be curves such that lim^^oo Kl^n) = L. 
Divide each (3 by ordered points p^o = ?i,Pni,Pn2 5 ■■■^PnN = <?2 ^ /^n into ordered subcurves 
'!'ni,'!'n2, TnN SO that each Tnj C B{qm„^,r) for some integer ninj with 1 < ninj < k. Note 
this N is uniform for all n by appropriately choosing 

Let anj be a length minimizing curve in B{qrn,,j, 3r) to join the end points of anj and 
o'n = crniCn2--- CnTV- Then siuce B{qmn^,^r) is simply connected, anj € [tuj], and hence 
G [Pn] = [c^]- Furthermore 

N N 

(4.10) L < l{an) < < Yl Krnj) = KPn). 

j=i i=i 

Therefore lim i(cr„) = L. 
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Since M is compact, there is a sequence {nj} C N so that for each j = 1,2, N —1, p^j 
is convergent to some point pj, when rij — > oo. Note pj-i,pj G B{qmj, r) for some integer 
rrij with 1 < rrij < k. Connect pj-i,pj by a length minimizing curve aj C B{qmj, 3r) and 
let a = aia2---aN- Then a e [a] and 

(4.11) l{a) = lim l{anj ^ L. □ 



The next two lemmas are the key properties to establish the extremality of /o described 
by Theorem 4.2. 

Lemma 4.5. The flow of diffeomorphisms ht generated by X on Mi preserve the volume 
form dvi = drj Arj. 

Proof. This is obvious since the the flow of diffeomorphisms hs on generated by X are 
given by 

(4.12) hs : {x, y, t) {x + s,y,t + 2sy), s e M 

which preserve the volume form dfj A "q = dx A dy A dt. □ 

Y 

We define a sub-Ricmannian metric on Mo so that {VkX, , | is orthonormal. Note 

this sub-Riemannian metric induces the same CR structure on M2 . Denote the correspond- 
ing curve length by l2- 



Lemma 4.6. Let 7 : R — > M2 be an integral line of the vector field yKX. Then for 
[a,h] C M and with respect to the sub-Riemannian metric on M2, the curve ^\[a,h\ is the 
unique length minimizing curve in its homotopy class of curves with end points 7(a) and 
7(6). 

Proof. Lifting the sub-Riemannian metric on M2 to its universal covering H^, we obtain a 
new sub-Riemannian metric on H^. Let us call this new sub-Riemannian manifold H^. Then 
on Hi, there is a characterization of geodesies similar to Proposition 4.1. The trajectories of 
^/KX are exactly those straight geodesies. Indeed, the sub-Riemannian metric is invariant 
under the M-action (4.8), hence a rectifiable curve 7 in IHI2 has the same length with ^(7) on 
P2. Here P2 is the plane P endowed with the flat Riemannian metric so that \fK-^, 



are orthonormal. Therefore the x-axis, which is the trajectory of v KX passing through O, 
is a geodesic without conjugate points on it. Note \fKX and the sub-Riemannian metric 
are invariant under the group left translation. Hence this lemma is true. □ 

Proof of Theorem 4-2. Let / : Mi M2 be an quasiconformal homeomorphism. For 
q e Ml, let 7q,a : [— o, a] — > Mi be the integral line of X so that 7g,o(0) = q. Let 
Ta = {7Q,a I g e Ml}. Then by Theorem 3.4, 



(4.13) 
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First note the length of 7g^o is 2a, so l/2a e AiTa) and 

(4.14) ModMA^a)< f {^)^dv^^{^)^yol{M,). 
For a e AiFa), 

(4.15) !<{[ ar<i[ If if a') = {2af[ a\ 
That imphes 

(4.16) 7^^/ cj^= l\^{lUs))fds. 

Taking the integrals of both sides of (4.16) against dv\ with respect to q over Mi, 

-i^vol(Mi) < / ( {crinU^W ds )dv, 

l^Oi; Jmi J-a 

(4.17) = !\! {a{^,^a{s))fdv,)ds 

J —a JMi 

= 2a dv\ . 

J Ml 

The last equality in (4.17) is due to Lemma 4.5, which implies that 

(4.18) / {a{^g,a{s)))Uvi= [ a^K{dvi)= f aUv^ 

JMi JMi JMi 

is independent of s. Therefore 

(4.19) {^)\ol{Mi)< [ aUvi, WaeAiFa). 

J Ml 

Combining (4.14) and (4.19), we get 

(4.20) ModM,(ra) = (^)^ol(Mi). 

Next we estimate ModMa (/(ra)) (4-13) for a quasiconformal homeomorphism / ho- 
motopic to /o : Mi M2. Since / is homotopic to /o, there is a continuous map 
H : [0, 1] X Ml ^ M2 so that 

(4.21) H{0,q)^fo{q), H{l,q)^f{q), Vq E Mi. 
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(4.23) 



Let ctg : [0,1] — > M2 be a curve given by t 1— > H{t,q). Define G{q) = inf/2(/9) over all 
(3 G [ctg]. Then by Lemma 4.4, is attained at a rectifiable curve fig e [ctg]. 

Now we prove that G{q) is continuous on Mi. When q-i is close enough to q on Mi, 
/o(<?i) is close enough to foiq) so that there exist a length minimizing curve (5i joining 
fo{q), fo{qi) according to Lemma 4.3. Let S2 = f{Si)- Then 

(4.22) 5iaq^52^ e [og], 5f ^5^52 e [ogj. 

This implies 

hioig) < hih) + h{aq,) + i2((^^^), 

i2(aqi) < HSi^) + i2(aq) + ^2(^2). 

In other words, 

(4.24) \G{q^)-G{q)\<l2{5i) + l2{52). 
Then there exists ^ > so that 

(4.25) G{q)<A<oo, VgeMi, 
since Mi is compact. 

For a curve 7 : [a, 6] — > Mi, Oi^{a)f{l)o'-^lh) ^ [/o(7)]- Then by Lemma 4.6 and (4.25), 

(4.26) /2(/o(7)) < Ha^ia)) + Hfil)) + H^-l^) < 2A + /2(/(7))- 
Applying (4.26) to 7 = 7q,a e T^, we obtain 

(4.27) 2%/Ka<2A + /2(/(7(?,a)). 

Hence l/{2\/Ka — 2A) e ^(/(r^)). So we have the following estimate. 

(4.28) ModM,(/(r«))< / (-^J-— )^d^2 = (-7J-— )Vol(M2). 
Note vol(Mi) = vol(M2) ^ 0, so by (4.13), (4.20) and (4.28), we have 

(4.29) (v/K--)2<K(/). 

ft 

Letting a — > 00, we get that K < K{f). □ 

Remark. In horizontal directions, the extremal quasiconformal homeomorphism /o behaves 

as a stretching by the constant factor ^/K along trajectories of X and a compressing by the 
same factor along trajectories of JX. The generator T of the circle action is transversal to 
the contact bundle. In this transversal direction T, /o is equivariant under the circle action 
since it is simply the identity mapping while Mi and M2 have the same circle action. 
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